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Abstract 
Procedural acquisition is important to the understanding 
of the cognitive processes of learning. We present a 
computer model. which uses Artificial Intelligence 
techniques to simulate the childhood process of acquiring 
procedures in the arithmetic domain. This simulation 
model can be used to improve understanding of the 
cognitive processes and assist teachers to interpret a 
child's incorrect procedures. 

Induction and learning theories are combined 
with an efficient and effective representation technique for 
encoding the knowledge in the model, which learns 
procedures incrementally using the same arithmetic 
lessons that children learn. The results of experiments with 
the model demonstrates that it is consistent with 
VanLehn's [31] Learning Theory and his work is extended 
by clearly describing the model. 

Cognitive Scientists demonstrate that children 
learn directly from the examples shown to them, and 
experiments confirm that this simulation model also learns 
directly from the lesson examples or from incorrect test 
problems. If a solution to a diagnostic test problem is 
incorrect or unfinished, analysis reveals that this test 
problem may be the source of a number of procedural 
errors or "Bugs". 

Key Words: procedure acquisition, knowledge 
representation, induction, learning theory, buggy 
procedures, Artificial Intelligence, Cognitive Science. 

I ntrod ucti on 
Artificial Intelligence techniques used to simulate the 
human process of acquiring procedures can improve the 
understanding of the cognitive processes of learning, and 
therefore assist teachers to interpret a child's incorrect 
procedures. After extensive studies with children l e a r n i n g  
arithmetic procedures, a number of computer arithmetic 
simulation models and cognitive theories were developed 
by Brown and Burton [6], [9], and VanLehn ([20] and 
[3 1 ]). These studies demonstrate that many students have 
'buggy procedures'-a correct procedure with one or 
more small perturbations, or bugs, installed in it ([31]). 
The more recent models also demonstrate the learning 
theory, which yields an integrated explanation for the 
acquisition of correct and buggy procedures [31]. 

This article presents a computer simulation model 
that learns arithmetic procedures in the same manner as 
humans. The model combines Cognitive Theories with 
Artificial Intelligence techniques to learn the whole 
curriculum for subtraction, and applies the procedures 
learned to solve test problems. Teachers and students can 
benefit from this automatic learning because the program 
can interpret the student's actions, find the conditions 
under which he or she is performing the action, and induce 
a procedure similar to that which the student has applied. 
This induced procedure can be used to explain errors to the 
student or the teacher. 
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The arithmetic procedures learned by the model 
are induced from lessons similar to those received by 
children. These procedures solve test problems correctly, 
provided the test problem is similar to the examples give_n 
in the lesson. However, if a test problem that IS 
significantly different from those provided in the lesson is 
given to the model. the test problem is not s_olved 
correctly. Analysis reveals that an Impasse occurs m the 
same state as one of the Mind Bugs described in the book 
"Mind Bugs: The Origins of Procedural Misconceptions" 
[31]. Incorrect (or buggy) procedures can also be learned 
by the model, if the examples given to it are incorrect. 

Knowledge representation languages are 
important to the construction of computer programs that 
behave intelligently and this model concentrates on a 
simple representation using lists, in the XLISP language. 
The model employs the same Learning Theory that Kurt 
VanLehn [31] used in the domain of childhood learning of 
arithmetic procedures. 

Subtraction examples are used to generate the 
procedures because of the extensive research already 
performed in this domain [31]. Cognitive Scientists use 
arithmetic procedures to investigate childhood procedural 
learning because 'from a methodological point of view, 
they are virtually meaningless to most students' ([31], p. 
12). Kurt VanLehn compared arithmetic procedures with 
the procedures students use to make change ?r pia~ game~ . 
The arithmetic domain was chosen because the anthmeuc 
procedures are as dry, formal, and isolated from every day 
interests as nonsense syllables are different from real 
words' ([31], p. 13). 

Section 2 of this article explains 'bugs' and 
provides an example of one. Section 3 describes the model 
for procedural acquisition with a discussion of repair 
theory and the learning theory. The assumptions used in 
our model and the representation of all the knowledge for 
the model are also described in this section. The algorithm 
used for evaluating the procedures and for inducing these 
procedures, is then described. Section 4 summarises other 
research related to the acquisition of arithmetic procedures. 
Section 5 reports the results of the tests we performed on 
our model. The final section describes the conclusions of 
our research and outlines future research to extend our 
work. 

Explanation and Example of Bugs 

The metaphor of 'bugs' in computer programs is used to 
describe systematic errors, which stem from mistaken or 
missing knowledge about the skill, the product of 
incomplete or misguided learning [6] . These systematic 
errors are the results of misconceptions acquired by 
children while learning arithmetic procedures. 'Bugs' 
describe which problems the student gets wrong, the 
content of each wrong answer, and the steps followed by 
the student in producing it. 

Students with the bug 'Always-Borrow-Left', 
always borrow from the left-most column no matter which 
column originates the borrowing. In Figure 1, problem A 
shows the correct placement of borrow's decrement and 
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A 5 15 B 2 15 c 5 15 

3 6 5 3 6 5 6 5 
l 0 9 1 0 9 - 1 9 
2 5 6 1 6 6 4 6 

Figure 1: The Bug 'Always-Borrow-Left' ([31] , p.24) 

problem B shows the bug's placement. In problem B the 
decrement is performed on the leftmost column instead of 
the column that is left-adjacent to the current column in 
the problem. 

An introduction to borrowing using only two-
column problems such as problem C in Figure 1 causes a 
student to induce the condition part of the rule that 
describes the borrow-from column as-both left-adjacent 
to the current column and the leftmost column [31]. This 
induction of the condition part of the rule explains why 
some students borrow from the leftmost column when they 
have seen only examples with two column borrowing. 

A Model for Procedural Acquisition 
Procedural acquisition contributes to the understanding of 
the cognitive processes of learning. Artificial Intelligence 
techniques used to simulate the human process of 
acquiring procedures can improve this understanding and 
assist teachers to interpret a child's incorrect procedures. 
The literature provides numerous examples of the errors 
which students acquire while learning procedures ([6], [7], 
[8], [9], [36], and VanLehn, [20], [21], [22), [26]). Several 
theoretical models of the acquisition of childhood 
arithmetic procedures have been proposed ([19], [14], [31], 
[32]. [ 12], and [5]). A few have been tested in the school 
environment [8], [9], and [16]). 

However, most of these models concentrate 
primarily on the cognitive behaviours of the students 
involved in the research. Simple and efficient knowledge 
representation techniques for the simulation of procedures 
are required, for the model to be used to assist students 
while learning arithmetic procedures. We present a model 
that employs a different knowledge representation 
formalism from the other models, but also takes into 
account the theories explored by Cognitive Scientists in 
the domain of childhood learning [31]. 

Objectives of the Model 
The main objective of our simulation model is to provide 
simple and efficient knowledge representation techniques 
for the acquisition of arithmetic procedures. This objective 
has been achieved--one lesson consisting of three difficult 
examples is learned by the model in less than twelve 
seconds real time. In contrast to this time, the large 
Artificial Intelligence program named Sierra and 
constructed by VanLehn, [31], took about 100 hours of 
Dorado (a fast Lisp machine) time to process a single 
lesson sequence of about 9 lessons [21 J. 

The efficiency of our model contributes to the 
outcome of the next objective--to provide a knowledge 

Australian Journal of Intelligent Information Processing System 

131 

representation that could be the basis of a Student Model1 

for an Intelligent Tutoring System (ITS). We show that our 
model learns the buggy procedures that students learn, by 
simulating the student's test problem. Further development 
of our model using the existing knowledge representation 
may render it useful as a Student Model--the procedures 
that the student is using could be generated while he or she 
is solving a test problem. These generated procedures 
could then be used to diagnose and assist the student in the 
learning process. 

Another objective is to validate our results by 
reproducing some of the bugs produced by VanLehn [31] 
in his simulation model. Our model also demonstrates that 
procedures can be learned from arithmetic examples and 
the knowledge that children already have about 
mathematical facts and some other general facts . The 
procedures learned can solve a subtraction problem, 
provided the procedures are learned from similar 
examples. The model can predict what the student's 
knowledge will be after the lesson by generating 
procedures from the lesson and executing those procedures 
on test problems. 

Repair Theory 
Repair theory attempts to explain the cause of bugs in 
terms of a set of formal principles that transform a 
procedural skill into all of its possible buggy variants [7]. 
The theory states that if a student is missing a fragment of 
some correct procedural skill. an attempt made to follow 
this procedure will often lead to an impasse2• The student 
will invoke problem solving strategies to find a repair in 
order to solve the problem leading to the impasse [7]. 

Repair theory attempts to explain-why 
researchers found the bugs they found and not others, how 
bugs are caused, and to predict what bugs will exist for a 
procedural skill not yet analysed. To test the repair theory, 
VanLehn [21] used a descendant of a production system 
called the Solver, to interpret and repair core procedures. 
The Solver is a module in VanLehn's system that was 
given a core procedure and a sequence of subtraction 
problems as they appear on a student's test page. If an 
impasse occurred during execution of the core procedures, 
the Solver's task was to select and apply a repair to the 
problem similar to repairs made by students. 

The Solver was also implemented in VanLehn's 
[31 J model Sierra, but in this system the core procedures 
given to the Solver were learned from arithmetic lessons 
provided to the model. The Solver has two parts--the 
Interpreter and the Local Problem Solver. The Interpreter 
executes the procedures on the test problems and when 
there is an impasse, the Local Problem Solver repairs the 
test problem so that it is solved. The Local Problem Solver 
is the module that creates the buggy procedures in Sierra. 

Our model implements the Interpreter module of 
the Solver and is explained later. We do not implement the 
Local Problem Solver because our research aims to 
develop a more efficient model based on the Learning 

1 An Expert Model is that part of an ITS which models the expert 
knowledge in the domain of the tutor. A Student Model consists 
of an expert model pius a list of items that are missing. 
2An impasse occurs where the student becomes stuck while 
solving a problem. 
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Theory. The repairs can be learned from the student if 
their test problems are solved incorrectly. 

Learning Theory 
VanLehn (23] added a learning theory to repair theory to 
yield an integrated explanation for the acquisition of 
correct and buggy procedures. Kurt VanLehn claimed that 
learning a procedural skill is a communication act, where 
the teacher communicates a procedure to the student over 
several lessons. The first computer simulation arithmetic 
models generated bugs that were dependent on the set of 
impasses and repairs with which the model was equipped. 
Psychologically, this kind of generation of bugs is not 
plausible (20], so a learning theory was developed to 
automatically generate the set of impasses and repairs 
from some constraints, imposed by the learning sequence 
the student is in the midst of. The ACT model [2] also 
simulated the process of learning the procedures, rather 
than simulating the errors that humans acquire when 
learning procedures. 

Learning theory describes learning at a larger 
grain size instead of the very detailed level described in 
earlier models. Given a lesson and a representation of what 
the student knows before the lesson, the learning theory 
predicts what the student's knowledge state will be after 
the lesson [20] . 

VanLehn [31] tests his learning theory with a 
large artificial intelligence computer program called Sierra. 
The central idea of this theory is that there are specific 
felicity conditions3 that govern learning (VanLehn [23], 
[24], [26], and [31]). Our model uses the main felicity 
conditions that were employed in Sierra: 
a) The Induction Hypothesis assumes that arithmetic 

is learned by induction--the generalisation and 
integration of examples. When teachers work a 
subtraction exercise on the blackboard, their writing 
actions constitute an example of the subtraction 
procedure [24). These actions are the examples 
taught to the model, and they show all the work 
required to induce the target subprocedure. By 
inducing the procedures in this manner, the whole 
curriculum of arithmetic learning is presented. 

b) A lesson introduces at most one new chunk of 
procedure-the model learns the procedures 
incrementally. A normal lesson introduces one new 
chunk of procedure and introduces material that 
will allow the program to solve problems that it 
could not solve before. The new chunk of 
procedure is a new lesson introducing a new 
concept, such as examples that include borrowing. 

c) Students add their new subprocedure to their 
current procedure-new subprocedures are output 
from the learning module, appended to the current 
procedure, and then input to the learning module 
with the next lesson. 

Assumptions used in our Model 
The assumptions used in our model are adapted 

from some of those employed in Sierra [31]. VanLehn 

3Felicity conditions are tacit conventions or specific conventional 
expectations. 
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determined these assumptions as a result of the studies 
performed with children in arithmetic learning. We have 
restricted our description of the assumptions to those that 
highlight the differences between our model and Sierra. 
These are the Primitives Assumption, the Situation 
Assumption and the Goal Types assumption. VanZyl 
(1996) describes all the assumptions used in our model. 

The Primitives Assumption 
It is assumed that there are factual primitives used to 
access knowledge about number facts, and primitives that 
characterize the actions in a procedure. The presence or 
absence of specific primitives explains why some bugs 
exist and others do not. These primitives are explained 
further in the section on conditions and actions. 

The Situation Assumption 
Sierra [31] has an extra set of primitives that describe the 
situation (or position) of each digit in fine-grained detail. 
The example problems were represented exactly as they 
were written on the lesson or test page. Figure 2 is an 
example of how a problem state in Sierra was represented. 
VanLehn gave a terse description of the representation of 
the problem states: 

The formal representations are sets of pairs. 
Each pair represents an instance of a symbol at 
a place. The first element of the pair is the 
symbol, usually an alphanumeric character or a 
special symbol like HBAR, which stands for a 
horizontal bar. The second element of the pair is 
a tuple of four Cartesian coordinates that 
represent the symbol's position. The details of 
representing the symbol's position do not matter. 
The point is only that a problem state is little 
more than a picture of a piece of paper or a 
chalkboard. It is not an interpretation or parsing 
of the symbols. For instance, the problem state 
does not force the model to treat 507 - 29 as 
two rows, or as three columns, or as rows and 
columns at all. How the problem state is parsed 
is determined by a component of the student's 
knowledge state, called the grammar. ([31] p. 
174). 

The grammar in Sierra uses the following primitives to 
describe the situation (or position) of each Figure 2: 

digit-First, Last, Middle, Part-of, Value-of, Ordered, and 
Adjacent, Horizontal, Vertical and the two Diagonals. 
Three separate induction algorithms determined the 
different kinds of primitives to describe the situation of 
each digit in the Problem State. In our model, the problem 
state is treated as columns, and situation primitives 

Sie"a's Representation The Problem 
((HBAR (12 17 20 17)) 507 
(- (12 17 14 19)) - 29 
(5 (14 19 16 21)) 
(0 (16 19 18 21)) 
(7 (18 19 20 21)) 
(2 (16 17 18 19)) 
9 (18 17 20 19 

Figure 2: The Representation of Problem States in Sierra 
([31 ], p. 175) 
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describe where the current column is situated. These 
situation primitives are--LeftMost Column, RightMost 
Column, LeftAdjacent Column and RightAdjacent 
Column. Primitives are described further in a later section. 

The Goal Types Assumption 
In Sierra [3I], the goals (also called procedures) consist of 
a number of subgoals (or subprocedures). Sierra has three 
execution types for goals, which play important roles in 
the learning component. A brief description of the goals 
follows: 

1. A FOREACH goal defines the set of objects, imposes 
an order on the columns and calls another goal (AND 
or OR) on each column in the order defined. This goal 
ensures that columns are examined until there is an 
answer in each of them. 

2. The OR goal has patterns that control the flow of 
execution. The patterns are called test patterns and are 
used as predicates for deciding which rule to execute. 
If all the patterns match in a rule, then the subgoal 
following the patterns is executed. 

3. The AND goal has patterns called fetch patterns that 
are permitted to fetch objects from situations (the 
problems on the test paper) or from the fact 
knowledge base. All the rules in the AND goal are 
executed. 

Our model does not have the same types of goals 
as Sierra. Instead of the FOREACH goal to iterate through 
the columns, our model induces an action to shift focus to 
another column by comparing the current state of the 
problem with the target state of the problem. The 
conditions in our model are similar to the fetch and test 
patterns in Sierra's representation, except that our model 
does not contain the situation primitives described 
previously. 

The Learner 
The Learner in our model reconfirms VanLehn's [3I] 
learning theory. This is demonstrated by the fact that the 
model can predict what the student's knowledge state will 
be after the lesson, if we give it a lesson and a 
representation of what the student knows before the lesson. 
However, the construction of our simulation model is 
completely different to VanLehn's-we used a much 
simpler representation formalism for the example 
problems that causes the induction of procedures from the 
examples to be more efficient. This efficiency allows us to 
extend VanLehn's theory to permit the learning of the 
student's procedures while he or she is solving problems. 
In Sierra. the representation of example problems (shown 
in Figure 2) and the procedures is complicated, and this 
caused the Learner to be very slow to acquire procedures. 

The Learner in our model learns new procedures 
from a lesson sequence similar to the sequence used in 
VanLehn [31]. Figure 7 shows that the lesson examples, a 
previously learned set of procedures (except in the first 
lesson), and existing knowledge are input to the Learner. A 
set of new procedures learned from the lesson is output 
from the Learner. The remainder of this section describes 
the knowledge representation and induction techniques 
used to acquire subtraction procedures. 
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Representation of the Lessons 
Subtraction lessons are represented as lists in the XLISP-
PLUS programming language: 
• A lesson is a number of embedded lists of example 

problems. 
o An example problem is a sequence of problem states, 

like the example problem in Figure 4, which needs 
three states to solve the problem. 

" Each state has an embedded list of columns. State 2 in 
Figure 4 shows a RightMost Column. The list to the 
left of the RightMost Column is the LeftMost 
Column. 

• Each column has three digits-Top of the column, 
Bottom of the column, and the Answer to that column. 
Figure 4 illustrates the three different digits in State 3. 

• A test is a list of exercises, with only the first state of 
the example problem--{-(2 1 b)(9 5 b)). 

• A solved test is a list of example problem states, with 
a correct or 'buggy' solution. 

The Lesson Sequence 

The lesson sequence is known as the H sequence in Van 
Lehn's [31] book, 'Mind Bugs'. VanLehn obtained this 
sequence from the 1975 edition of Heath's Heath 
Elementary Mathematics. Lesson one teaches how to solve 
two column subtraction problems, lesson two handles 
partial columns using only two columns, and lesson three 
teaches simple borrowing. The fourth lesson solves three 
columns without borrowing and the fifth lesson teaches 
partial columns with three columns. Lesson six teaches 
one borrow in three columns and lesson seven teaches two 
adjacent borrows. The eighth lesson teaches borrowing 
from zero with three columns and the ninth lesson teaches 
borrowing from multiple zeros. 

Representation of the Example Problems 
Each state in the example problem represents one action 
taken to change one of the digits in that state. Figure 3 
shows an example problem represented as the students see 
it. Figure 4 is the same problem as Figure 3, in the model's 
representation. Initially, the answer in a problem is shown 
as a 'b', which represents a blank digit. 

2 9 
- I 5 

b b 

2 9 
1 5 
b 4 

2 9 
I 5 
1 4 

Figure 3: Example problem represented as 3 states. 
State 1 State 2 State 3 

I I I 11 I 
cc-e.:_jc9 s b)) c-c2 1 b~rh:J!) c-c2T:)~9 1 ~r 

Column Column Bot/m 
Figure 4: Example problem represented as embedded lists 

in XLISP 

The example in Figure 4 requires three states 
before the problem is solved. More complicated examples 
require more states. The Learner evaluates each of the 
primitive conditions against a state within the example 
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problem to induce the conditions that are true of a that 
state. An example of one condition found 
is-(LessThanOrEqual (BottomColumn) (TopColumn)) 
because the bottom digit in the column is less than the top 
digit. 

Primitive actions evaluate one column in a state at 
a time. The current column at the start of the learning is 
always set to the right most column. In the example 
problem in Figure 3 and Figure 4, three actions are taken 
to obtain the solution in State 3: 
l. Write Top-Bottom in Answer of the current column. 

This action results in State 2. 
2. Move to Left Column. The focus is now on the left 

adjacent column in State 3. 
3. Write Top-Bottom in Answer, results in State 3. 

Our representation of the example problem is 
very simple in comparison to the representation used in 
Sierra. The choice of our representation contributed 
significantly to the efficient learning process in our model. 
Figure 2 in the section on the Situation Assumption 
illustrates the representation of the problem states (called 
the example problem in our model) in Sierra. That section 
also describes briefly how the primitives are induced in 
Sierra. 

Representation of the Procedures 
The procedures in our model are like production rules 
consisting of a conjunction of primitives (or condition) and 
one or more actions. The conditions form the left hand (or 
antecedent) side of the procedure and the actions form the 
right hand side (the consequent). Figure 5 is an example of 
a set of procedures. The actions are evaluated only if all 
the primitive conditions in the procedure are true of the 
specific state in the example problem. The set of 
procedures for each lesson grows monotonically as each 
state of the example problem is evaluated. 

Actions and Conditions 

The conditions and actions that form the procedure are 
generated by the Learner, from the different kinds of 
primitives provided. These primitives are typed in italics in 
Figure 5, with a description of each primitive in normal 
type font. 

The primitive actions and conditions are stored in 
memory as global variables and are provided to the 
Learner before the learning begins. After examining each 
state in an example, the Learner combines the conditions 
and actions to form a procedure. Each line of the 
procedures in Figure 6 designates a condition or an action. 
The procedures are typed exactly as they are in the 
program-as embedded lists in the XLISP language. 

The procedures are learned by evaluating each of 
the given conditions, and appending those that are true to 
another list, ready to form the procedure. The first action 
in the global list is evaluated on the current state of the 
example problem. If the action causes the state to change, 
and this state equals the next state of the example problem, 
that action is included in the procedure, along with those 
conditions that were evaluated as true. If the changed state 
does not equal the next state of the example problem, the 
next action is tested until all actions are exhausted. 

l. Actions cause a change in the current problem state. 
There are five types of primitive actions: 
1) shift the focus of the column-seif Column, 
2) subtract the bottom digit from the top and 
write the value into the answer-Write, 
3) write the top digit into the answer-Show, 
4) overwrite a character with its current value 
less one-OverwriteMinusOne, or 
5) overwrite a character with its current value 

plus ten-OverwritePlusTen. 

2. Factual primitives are used to access knowledge 
about number facts : Blank, 

LessThanOrEqual, LessThan, 
CountUpByTen, OneAwayFrom, and Zero. 

3. Situation Primitives are those that show the current 
focus on the problem: 

RightMost, LeftMost, LeftAdjacent, 
RightAdjacent. 

4. Primitives are provided with parameters and the 
combination of primitives and parameters form the 
condition or action. The parameters are: 
Column-a column from the current state of the 
problem example, 
Top-the top digit of the column, 
Bottom-the bottom digit of the column, 
Answer-the digit which holds the answer to that 
column. 
Figure 5: The Primitives used by this model 

The representation of the procedures within lists 
allows the procedure to be evaluated when solving a test 
problem. The set of procedures is in one large list, with 
each procedure represented as a list within the large list. 
Each procedure contains two main lists--the first main list 
contains all the conditions that must be true before the 
actions in the second main list can change the current state 
of the test problem. 

As discussed previously in the section on the 
Goal Types Assumption, Sierra [31] uses a FOREACH 
goal to iterate through the columns until they are all 
solved. In contrast, our model induces the action that 
causes the focus of the column to shift. Therefore, two 
main kinds of actions are provided to the Learner-a 
column action to change column focus and a problem 
action that changes the mathematical state of the problem. 

An Example of a Procedure 

The procedures are evaluated like production rules, with 
the action being evaluated only if all the conditions are 
evaluated as true. The procedure in Figure 6 was generated 
from State 2 of the example problem in Figure 3, which 
had two columns, and no borrowing required. 

In State 2 the focus is on the RightMost column 
because the Answer was just written in this column. 
Therefore, the condition numbered '1' evaluated as true, is 
shown in Figure 6 as (RightMost Column State). The 
remaining conditions in the first procedure are those that 
are true of State 2-the Bottom digit is LessThanOrEqual 
to the Top digit, the Answer is not Blank, the Answer in 
the LeftAdjacent Column of the State is Blank, and so on. 
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In this case, the action taken is to change the current 
Column (or list) to the LeftAdjacent Column. 

The conditions within the second procedure of 
Figure 6 reflect the evaluation after the column action of 
the first procedure. Therefore, the Column within the State 
is now the LeftMost, as illustrated by the condition 
numbered '1 ' in the Second Procedure. The only action 
that evaluated to true in this State is the one shown in the 
Second Procedure. This action writes the subtraction of the 
Bottom digit from the Top digit into the Answer. 

Procedure in the XLISP- Explanation of the 
PLUS langual!e Procedure 
First Procedure: 
AND 

1 (RightMost Column State) => Current column is 
the right most 
column. 

2 (LessThanOrEqual(Bottom => Bottom digit is ::; 
Column)(TopColumn)) top digit of current 

column. 
3 (not (Blank (Answer => Answer in the 

Column))) current column is 
not blank. 

4 (Blank (Answer => Left adjacent 
(LeftAdjacent Column column has a blank 
State)))) answer. 

5 (not (CountUpByTen (Top => Top digit of current 
Column))) column not 

incremented. 
6 (not => Top digit of Left 

(CountUpB yTen(Top(Left Adjacent column to 
Adjacent Column State))) current column not 

incremented. 
7 (not (OneAwayFrom => Top digit of Left 

(LeftAdjacent Column Adjacent column to 
State) State Problem))) current column not 

decremented. 
8 (not (OneAwayFrom => Top digit of current 

Column State Problem))) column not 
decremented. 

9 (not (Zero (Top Column))) => Top digit is not 
zero. 

Action: 
(AND((if (not (LeftMost => Move focus of 
Column State)) (setf column to the left 
Column (LeftAdjacent adjacent of current 
Column State)))) column. 

Second Procedure: 
AND 

1 (LeftMost Column State) => The current column 
is the left most 
column. 

2 (LessThanOrEqual(Bottom => Bottom digit is ::; 
Column)(TopColumn)) top digit of current 

column. 
3 (Blank (Answer Column)) => Answer of current 

column is blank. 
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4 (not (Blank (Answer => Answer to the right 
(RightAdjacent Column adjacent column of 
State))))) current column is 

not blank. 
5 (not (CountUpByTen (Top => Top digit of current 

Column))) column not 
incremented. 

6 (not (equal 10 (Top => Top of right 

7 

8 

(RightAdjacent Column adjacent column not 
State))))) equal to 10. 
(not (OneAwayFrom => Top digit of current 
Column State Problem)}) column not 

decremented. 
(not (Zero (Top Column))) => Top digit of current 

column is not zero. 

Action: 
(Write (quote-) (Top => In the answer of the 
Column) (Bottom current column, 
Column)) write the 

subtraction of the 
bottom digit from 
top digit. 

Figure 6: A Procedure that Solves the Example Problem 
in Figure 4. 

Main Functions of the Learner 
The Learner has two main functions--'Run' and 'Learn' , 
as illustrated in Figure 7. 'Run' evaluates the set of 
procedures already learned in previous lessons, and this 
prevents the generation of duplicate procedures. The Learn 
function is called to generate a new procedure, only when 
none of the previously learned procedures can be evaluated 
on the existing state of the example problem. 

The Run function (illustrated in Figure 7) 
evaluates each procedure, using the following algorithm-
If the Conditions all evaluate to true, execute the Action(s). 
The next function 'Compare Columns' is called to 
compare the current state with the next state in the 
problem, to find the column that is different. 
'FindNewState' is then called to change the state of the 
problem to the one created by the executed action. The 
answers in the example are then checked by 
'CheckAnswers' to see if the problem is solved. If all the 
columns have a digit as the answer, the problem is solved. 

Figure 7: An Overview of the Learner and its 
Main Functions 
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If the problem cannot be solved by the 'Run' function, 
control is returned to the Learner, which calls the 'Learn' 
function. The 'Learn' function is explained in the 
following section. 

Induction of the Procedures using the Learn Function 

The Learn function (shown in Figure 7) calls five other 
main functions to induce the procedures from the example 
problems. A description of the functions follows: 
1. The first function 'Compare Columns', compares 

the current state with the next state in the problem, 
to find the column that is different. 

2. If the current column is different from the column 
found in the comparison in step 1 above, the Learn 
function calls four other 
functions-'FindConditions' finds the true 
condition of the current state, 'FindColumnActions' 
shifts the focus of the column, 
'FindProblemActions' finds the appropriate action 
to change the mathematical state, and 
'ConstructNewProcedure' combines the conditions 
and action(s) into a new procedure. 

3. If the focus on the current column is the same as the 
column found in the comparison in step 1 above, 
the Learner calls the functions- 'Find Conditions', 
'FindProblemActions' and 
'ConstructNewProcedures'. 'FindColumnActions' 
is not used in this instance because the focus on the 
column is already correct. 

Induction of the Procedures in Sierra 

The Learner in Sierra uses a number of complicated 
techniques to parse the action sequence of the problem 
states (illustrated in Figure 2) into a parse tree. Each set of 
parse trees is then converted into a procedure. The parse 
tree constitutes the explanation for the action sequence. 
There are three induction tasks used to obtain the parse 
tree [25]: 
1. A grammar induction algorithm is used to induce 

the basic skeleton of its rules. This is called 
skeleton induction which determines the existing 
OR and AND goals of the new subprocedure. 

2. A pattern induction algorithm involves giving the 
rules in the new subprocedure, appropriate 
conditions. VanLehn [25] uses Mitchell's [15] 
version space algorithm to solve the pattern 
induction problem which is the exact content of the 
rules' conditions. 

3. A function induction algorithm discovers which 
function or nest of functions will yield the numbers 
shown in the example problems. To assist the 
Learner in discovering the correct functions, only 
the primitive functions given to the Learner 
initially are examined. A BACON-like function 
inducer (Langley, 1979) is used to learn details of 
the rules' actions. 

The Interpreter 
The Interpreter is used to test the acquisition of the 
procedures in the Learner. It performs this function by 
solving test problems provided in the same representation 
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as an example problem, except that the test problem has 
only one initial state. Figure 8 illustrates the functions 
called from the Interpreter, which takes a test by applying 
each set of procedures learnt from a lesson (or lessons) to 
solve each problem in the test. It outputs a solution to each 
problem. 

The algorithm is similar to that used in the 'Run' 
function of the Learner. Each procedure is evaluated 
against the example problem. If all the conditions are true 
it applies the action within that procedure. If the conditions 
are not true, it evaluates the next procedure until all the 
procedures are evaluated. One or more procedures may be 
evaluated on each problem. 

The Interpreter may halt without solving any part 
of the problem or it may halt part of the way through the 
problem. It solves the problem correctly if the test example 
is similar to one given in the lesson, from which the 
procedures provided to the Interpret function were 
generated. Procedures used to solve the problem may have 
been generated from any of the lessons. Procedures learnt 

0 11 l 11 bl tl from lesson mne wi so ve a test pro ems correc 1 y. 

TeeiProbiMI .·.·.·.·.·.·.·.·.•.·.·.· 
:·.·.·.·.·:·:·.·.·&>J Teat Solution 

( Set of ProceduNa !··-·.·.·.·.·.·.·.··> Interpret 

-

Evaloato Fond c0 ( """"""· New Slat• "' 
\..;,all evaluated? If all answered? 

Impasse! Solved! 

Figure 8: Overvtew of the Interpreter 

Related Work 

Diagnostic Models 
The first computer simulation models in the arithmetic 
domain were built to diagnose the errors in student 
arithmetic tests-Buggy [6], Debuggy and IDEBUGGY 
[8]. A student's misconceptions4 were captured as simple 
changes to a correct model of the underlying knowledge 
base. From these models, researchers constructed an 
extensive catalogue of precisely defined procedural bugs 
for subtraction. 

Young and O'Shea [36] provided an alternative 
simpler interpretation of subtraction errors using 
production style rules, consisting of conditions and 
actions. Our model also uses production style rules, but 
these rules (procedures) are learned from lessons or tests 
provided to the model. Young and O'Shea's model was 
unable to simulate the buggy procedures from the 
children's test solutions. To model the children's errors, 
they appended or omitted various rules from the 
production system and ran the modified production system 
again. If the removal of a rule caused an error in solving 

4Misconceptions are known as procedural bugs, mind bugs and 
also systematic errors. 
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the subtraction problem, this rule was used to explain 
reasons for a student's error when solving the same 
problem. 

Planning Nets 
As a result of the inability of these diagnostic models to 
simulate the buggy procedures, planning nets were 
developed by VanLehn and Brown [7] Plans within the 
planning nets analyse the goals (or conditions) and actions 
that change the state of the environment at each step in the 
subtraction problem. The procedures generated are those 
which transform the original state of the problem to a 
target state. 

Our model also evaluates the conditions and 
actions that transform each state, and a procedure is 
formed from those that evaluate to true. Planning nets are 
the first step to a long development of theories and models 
concerning procedure acquisition (VanLehn 1982, 1983a, 
1983b, 1983c, 1986, 1987a, 1987b, 1990, and [32)). 

Induction from Examples and Prior 
Knowledge 
A more recent methodology for studying the origin of 
rational errors5 [5] uses a combined experimental and 
computational approach to test the induction hypothesis 
more carefully. Ben-Zeev's [5] study improves on past 
formulations of the inductive hypothesis by suggesting 
that-induction can also be traced to prior knowledge 
algorithms in different domains (for example, addition), as 
well. Sierra [31] and Ben-Zeev's [5] model are quite 
different in their methodologies used to ascertain the 
explanation for students' errors. 

The protocol analysis employed in Ben-Zeev's 
study identifies the exact bug that produces a rational 
error. In VanLehn's (31] research, there is only answer 
data from the tests and it is difficult to ascertain which 
bug, out of a possible set of bugs, produced a particular 
rational error. However, protocol analysis can not be used 
successfully in experiments with children because they are 
not articulate enough to explain their actions. Although 
Ben-Zeev's method contributes further to the induction 
hypothesis, we believe that the procedural acquisition 
method used in Sierra [31] and in the model presented in 
this article are more akin to childhood procedural 
acquisition. 

Intelligent Tutoring Systems 
A rule-based representation is used in many Intelligent 
Tutoring Systems (ITS) because it is similar to the 
standard representational formalism that underlies human 
problem solving. This rule-based approach was taken in 
the LISP tutor [4], BUGGY [7], and [9] and the LEEDS 
modelling system (Sleeman 1984). The dominant type of 
rule-based system takes the form of a production system, 
which provides a good model of human problem solving 
[2] because the production rules capture the basic data-
driven character of human cognition. However, a 
production system is not suitable as an expert module 
because it leaves the student to wait too long during its 

5Rational errors is the term used to describe the results of 
executing a buggy procedure. They are similar to Mind Bugs. 
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computations. Anderson [3] believes that one solution to 
the lengthy waiting time is to build more efficient domain-
specific production systems. 

The most common type of student model that 
represents both misconceptions and missing conceptions 
employs a library of predefined bugs. The system 
diagnoses a student by finding bugs from the library that, 
when added to the expert model, yields a student model 
that fits the student's performance. Assembling the library 
is the biggest hurdle in the bug library approach [27]. If a 
student has a bug that is not in the library, the student 
model may totally misdiagnose the student's 
misconceptions. There are a few techniques for obtaining a 
bug library, which include the models from [7], [9], and 
VanLehn [20]. 

The method of inducing the procedures in our 
model is also similar to a technique called condition 
induction that constructs a bug library from bug parts [14]. 
Condition induction was used as a basis for constructing 
bugs during diagnosis in the student model of an ITS. The 
student model in Langley and Ohlsson constructs buggy 
rules if the student displays incorrect actions. 

Our model also induces the rules (or procedures) 
from a library (or knowledge base) of conditions and 
actions. These procedures may be correct or 'buggy' 
depending on the example problem provided to the 
Learner. The knowledge representation techniques 
employed in our model could be applied to a Student 
Model for an ITS, so that a student's problem solving is 
monitored while learning. If the student makes errors, then 
buggy procedures will be generated and these could 
diagnose the student's errors. 

One advance away from production system 
models is a set of ideas for modelling human learning 
within the production system ([13], Ohllson and Langley 
1985, and [24]. These human learning techniques have 
potential in ITSs because the tutoring component can make 
its decisions by reference to the simulation of the student 
learning. However, these learning components tend to be 
very expensive computationally. We believe that a simple 
knowledge representation technique for the example 
problems and the procedures, assists in the reduction of 
complex computation. 

A model proposed by Kuzmycz and Webb [12] 
uses feature based modelling, which is a machine learning 
approach to student modelling. The model represents the 
knowledge of the student through task and action features. 
Task features represent the attributes of the task presented 
to the student. Examples of these tasks in the subtraction 
domain are: 

Minuend is larger than the subtrahend. 
Minuend is seven. 

These tasks are similar to the conditions in our 
model, except that we do not find tasks that are as detailed 
as "Minuend is seven". Our model does not require the 
recording of the value of each digit, which would make the 
procedures very long. Action features in Kuzmycz and 
Webb represent the attributes of the response, the actions 
taken to obtain an answer. These are very similar to the 
actions in our model. For example: 
I Result == Minuend - Subtrahend. 
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The learning process creates a set of relationships 
between the Task Features and the Action Features. 
Whenever all of the task features in the association are 
found in the task, the student performs the actions 
described by the single Action Feature. All the 
relationships are precompiled and stored in memory, and 
when a problem is evaluated, all the relationships are 
searched and the relevant data updated. Statistical methods 
are used to determine whether or not a particular 
association is accepted. Our model also creates a set of 
relationships between the tasks (conditions) and actions, 
which form the procedures. We have not precompiled the 
procedures, but those procedures already learned are stored 
in memory, and each of them searched every time a 
problem is updated. 

The significance of our work is to implement 
some of the theories defined in the Sierra and Mind Bugs 
projects [31]. VanLehn kept some interest in modelling the 
learning process [33], but he did not complete the 
modelling tasks of the SIERRA project [31]. Much of his 
recent work concentrates on automated tutoring systems 
[33]; [34]) and education theory ([10], [11] ). 

Results from the Procedural 
Acquisition Model 

The following criteria are used to assess the learning 
process in our model-the efficiency of the learning 
algorithm, the ability of the Interpreter to solve test 
problems using the procedures learned, the similarity of 
the model's procedures to those that children acquire, and 
the ability to generate new procedures from each lesson. 

Efficiency of the Learning Algorithm 
Execution of each of the lessons was timed, to test the 
efficiency of the learning algorithm. The time taken 
depends on the type of computer used, but should only 
differ by a number of seconds. One lesson took between 
one and twelve seconds to run, depending on how many 
procedures were generated for each lesson. The time 
averaged at four seconds for each of the nine lessons or 
about one minute for a lesson sequence consisting of nine 
lessons. This compares favourably with Sierra [31 ), which 
took about one hundred hours on a fast Lisp machine, to 
complete a lesson sequence [21). 

Ability of Interpreter to Solve Test 
Problems Using Procedures Learned 
This criteria was evaluated by running the 'Interpreter' 
over a test problem similar to an example from each 
lesson. Each example was solved correctly by the 
Interpreter, which demonstrates the ability of the 
Interpreter to solve test problems similar to the lesson 
examples. This follows the 'examples' assumption-the 
procedures that children learn are some subset of all 
procedures consistent with the examples [31). The 
procedures that solved the test at each new state in the 
problem were written to a file along with the solution to 
the test. These results can be found in appendix B of van 
Zyl [35]. 
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Similarity of the Model's Procedures to 
those that Children Acquire 
We used three different methods to test this criterion. In 
the first method, we compared the correct procedures 
generated after each lesson in our model with the 
procedures generated from each lesson given to Sierra. In 
the next two methods we tested whether or not the model 
could acquire the same buggy procedures that some 
children acquire. The first of them tested the occurrence of 
impasses using procedures learned from a correct lesson 
sequence. The last method tested the ability of the Learner 
to acquire buggy procedures from buggy example 
problems. 

Comparison with Sierra 
We compared the procedures generated after each lesson 
in our model with the procedures generated from each 
lesson given to Sierra. The conditions and actions 
generated within the procedure in our model have the same 
effect as those generated within Sierra. For example, in the 
lesson on borrowing, both models generate conditions such 
a~'Top of Column is less than Bottom of Column', 'Top 
of Column is not zero' and 'Top is incremented by I 0' . 
The actions generated by both models were to 'Overwrite 
Top with Top+ 10' and 'Overwrite Top with Top- I'. The 
difference in the two models' procedures lie in the naming 
of the primitives and also in the way each procedure is 
executed. 

Occurrence of Impasses using Procedures 
Learned from a Correct Lesson Sequence 
VanLehn described the buggy procedures that children 
acquire by giving the Solver some diagnostic test problems 
at different stages of the learning sequence. If a test 
problem was given that required the use of procedures that 
had not been taught, an impasse occurred during the 
solving of the test problem. Repair strategies were 
implemented to complete the solving and the buggy 
procedures used to perform those repairs were examined to 
find the cause of the incorrect solution. 

We compared the results of running the correct 
procedures learned from our model on some of the 
diagnostic test problems that VanLehn gave to students 
and to his model Sierra. We selected these particular 
problems because of their frequency of occurrence in the 
Southbay study used by VanLehn [31]. The frequency 
occurrence is shown in brackets after each name of the 
specific bug in the figure following the explanation of the 
bug. Each figure shows the Test Problem provided to a 
child and to the simulation model. The Test Answer in 
each figure shows the solution that the child obtains if he 
or she has this bug. The Interpreter Solution is the solution 
output by the computer simulation model. 

The procedures provided to the Interpreter are 
those acquired by the Learner, after taking the same 
lessons as the students took before attempting to solve the 
same problem. The Interpreter cannot repair the problem 
after an impasse because (as mentioned before) the repair 
strategies are not implemented. The occurrence of an 
impasse in our model is the same as that of the student 
with the same knowledge of subtraction procedures, except 
for the last two problems, whose reasons for being 
different are explained. 
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In the buggy procedure Smaller-From-Larger, 
the student does not borrow, but in each column subtracts 
the smaller digit from the larger one as illustrated in the 
Test Answer in Figure 9. The impasse occurs in the first 
column, where the top digit is less than the bottom digit. 
The student repairs by reinterpreting 'Top - Bottom' as 
'Larger - Smaller' . In the computer simulation model, an 
impasse also occwred in the first state because the 
Interpreter was given the existing procedures from the first 
two lessons, which have no borrowing knowledge. Those 
procedures have the condition 'Bottom of Column gop of 
Column', which prevents a 'Write' action in this test 
problem. The Interpreter can not solve this problem 
because the procedures previously learned were too 
specific. 

Test Problem 

81-38=bb 

Test Answer 

81-38 =57 

Interpreter 
Solution 

81-38 = bb 
Figure 9: Example of the 'Smaller-From-Larger' Bug 

(1 03 occurrences) 

In the next three problems (Figure 10, Figure 11 
and Figure 12), neither the student or the model has 
learned borrowing where there is a zero. An impasse 
occurs at each zero in the model and in the student's 
problem solving. However, the student executes three 
different kinds of repairs so that the problem is solved. 
These are described in the following three paragraphs. 

In Stops-Borrow-At-Zero, (Figure 10) the 
student skips the decrement action and does not change 
any column to the left. In our model, all the procedures 
containing the decrement action include the condition 'Top 
of the LeftAdjacent Column is not Zero' . This condition 
makes the procedures too specific and therefore unable to 
execute the decrement action. 

Test Problem Test Answer 

305-7 = bbb 3015-7 = 308 

Interpreter 
Solution 

3015-7 = bbb 
Figure 10: Example of the 'Stops-Borrow-At-Zero' Bug 

(34 occurrences) 

In the bug named Borrow-Across-Zero, the 
student performs a repair by skipping over the zero to 
borrow from the next column (see Test Answer in Figure 
11). In our model none of the procedures have the 
condition 'Top is Zero', so nothing happens at the zero. 

Test Problem Test Answer 

305-7 =bbb 

Interpreter 
Solution 

3015-7 = bbb 
Figure 11: Example of the 'Borrow-Across-Zero' Bug 

(13 occurrences) 

In the buggy procedure Borrow-From-Zero, the 
child implements the repair by changing the zero to nine, 
but does not continue borrowing from the column to the 
left. However, the model will not do this because none of 
the actions can change a zero to a nine. The actions in the 
model can only increment a zero by ten. 
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Test Problem Test Answer Interpreter 
Solution 

306- 187 = bbb 3916- 187 = 219 3016-187 = bbb 
Figure 12: Example of the 'Borrow-From-Zero' Bug (10 

occurrences) 
The Borrow-No-Decrement bug causes the child 

to add ten correctly for the borrow, but does not change 
any column to the left. This bug occurs when the child has 
learned to borrow, but has forgotten or misinterpreted a 
part of the procedure. In the computer simulation model, 
the procedures are always remembered so the problem is 
solved correctly. This demonstrates that the model learns 
procedures directly from the examples given to it. The 
Interpreter received correct procedures, so could only 
evaluate those. 

Test Problem Test Answer 

62-44 =bb 

Interpreter 
Solution 

512-44= 18 
Figure 13: Example of the 'Borrow-No-Decrement' Bug 

( 10 occurrences) 
In the buggy procedure Always-Borrow-Left, the 

child borrows from the leftmost digit instead of the digit 
immediately to the left. This buggy procedure is explained 
previously in the first section. The problem is not solved in 
the model because the procedures learned include a 
condition stating that the column to be decremented is the 
'LeftMost Column' . In this case, the second column is not 
the left most column so the rest of the problem cannot be 
solved. 

Test Problem Test Answer 

733-216 = bbb 

Interpreter 
Solution 

73 13-216 = bbb 
Figure 14: Example of the 'Always-Borrow-Left' Bug (6 

occurrences) 

Ability of Learner to Acquire Buggy Procedures 
from Buggy Example Problems 
We also tested the Learner in our model with buggy 
example problems, to assess whether buggy procedures 
could be acquired while a student is solving a test problem. 
For simplicity in reporting the results, we gave the Learner 
the same buggy example problems as those discussed in 
the previous section. The remaining of this section 
describes the results of those tests. 

In the buggy example problem Smaller-From-
Larger, the solution state is the same as the Test Answer 
in Figwe 9. The Learner acquired a 'Write' action, but the 
condition 'Bottom of Column :5 Top of Column' was not 
included as it was in the procedures learned from correct 
examples. Therefore, when we tested the newly acquired 
procedures with further test problems, the Interpreter 
output a buggy solution with no borrowing, the same as 
the Test Answer in Figure 9. 

In the following three problems, the Learner was 
given existing procedures that knew how to borrow, but 
not from zero. All the existing procedures include the 
condition 'Top of Column is not Zero' . 

In the Stops-Borrow-At-Zero problem, no 
procedures were induced to decrement the zero, because 
the test solution contained no decrement action. Instead of 
the decrement action, a 'Show' action was induced, so that 
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the zero was inserted into the Answer of the column with 
the zero at the Top as in Figure 10. 

When the Learner acquires correct borrowing 
procedures, it includes a condition for the second part of 
the borrowing (the decrement) that requires the column 
immediately to the right of the decrement to be 
incremented by ten. However, the Borrow-Across-Zero 
test problem caused the Learner to acquire a procedure that 
allowed the decrement to occur two columns over from the 
increment. This is illustrated in the Test Answer of Figure 
11. 

The Borrow-From-Zero buggy problem from 
Figure 12 was interesting. The example given to the 
Learner changed the zero to a nine immediately after 
incrementing the previous column. However, when the 
procedures were tested with the Interpreter, the zero was 
incremented by ten and the next step decremented the ten 
by one to make it a nine. The Interpreter used two 
procedures to change the zero to a nine, but ended up with 
the same solution as provided in the buggy example. This 
occurred because the procedures given to the Learner with 
the buggy problems included a condition that allowed an 
increment on a zero. This procedure was evaluated before 
the one with the decrement to the zero. 

In the problem Borrow-No-Decrement, the 
Learner was given existing procedures from previous 
lessons that had no existing borrowing knowledge. From 
the buggy example, the Learner acquired an action to 
'increment by 1 0' where 'Top of Column is < Bottom of 
Column', but did not acquire a decrement action. This is 
consistent with the Test Answer in Figure 13. 

In the Always-Borrow-Left problem, the Learner 
was given existing procedures that could borrow with 
problems that have two columns. The Learner induced 
procedures that skipped the middle column and borrowed 
from the LeftMost column, as in the Test Answer in Figure 
14. The action in the new procedure causes the focus of the 
column to move two columns to the left to perform the 
decrement. Another action moves the current column two 
ro the right after the decrement action, so that the 
calculation of each answer can be performed. 

Ability to Generate New Procedures from 
Each Lesson 
The incremental learning assumption used in Sierra [31] 
states that students learn procedures incrementally 
throughout the curriculum. They have well-formed 
operable procedures before they have completed the whole 
lesson sequence, and therefore the procedures learned 
throughout the sequence are incomplete. Mind bugs result 
from these core procedures if test problems are different 
from those provided in the lesson sequence prior to the 
test. 

The incremental learning assumption is 
accomplished if the Learn algorithm only generates new 
procedures when the current state cannot be solved with 
existing procedures. If any of the procedures are 
duplicated, this assumption does not hold. Many of the 
procedures learned in one lesson have equivalent actions 
but each has different conditions, which makes the whole 
procedure distinct. Examining each condition within each 

procedure tested duplication. A complete list of these 
procedures can be found in van Zyl [35]. 

Conclusions and Future Research 

Efficiency of a learning algorithm is significant to an ITS, 
so that students receive a faster diagnosis of their 
problems. We demonstrated that the Learning algorithm is 
efficient by timing the acquisition of the procedures for 
each lesson. The time taken to acquire procedures for one 
lesson sequence in our model is six thousand times faster 
than the time taken to acquire the procedures for one 
lesson sequence in Sierra. This means that the form of 
representation in our model could be used to acquire the 
procedures that students are using to solve subtraction 
problems whilst they are in the midst of solving them. 
These procedures could be used to explain any 'bugs ' that 
the student has while solving a particular problem. 

The efficiency of the learning algorithm is 
attributed to the representation of all the knowledge in a 
list format. The whole lesson sequence is in one list, with 
each lesson in another list contained within the lesson 
sequence list. Each example problem is in another list 
contained within the lesson list and each column within the 
example is another list. The lists permit efficient 
evaluation, searching and iteration of the whole lesson 
sequence. Procedures are also contained within one very 
large list with each procedure contained within another 
list. Within each procedure is a list of conditions and 
another list of actions. This format makes the compilation 
of procedures more efficient because each condition is 
appended to the previous and each procedure consisting of 
all the conditions and actions are appended to the previous 
procedures. 

The ability of the Interpreter to solve test 
problems using the procedures acquired by the Learner 
demonstrates that correct procedures can be learned by the 
model. It also demonstrates that the model is capable of 
solving test problems either correctly or incorrectly. The 
procedures used by the Interpreter to solve test problems 
can explain the reasons for any bugs in the solution. 

If the procedures learned by the model are similar 
to those learned by children, then the model is a true 
simulation of a child's learning steps. We compare the 
buggy procedures learned by the computer simulation 
model with those learned by children during extensive 
studies by cognitive scientists ([6], [7], [8], and [31]). 
Sierra [31] induced the same kind of procedures that 
children acquire when taking the same lessons. Therefore, 
a comparison with Sierra's procedures is a good test of the 
similarity between the procedures generated by our model 
and those procedures that children acquire. The correct 
procedures generated after each lesson have the same 
effect when evaluated as those procedures that Sierra 
generated. 

The main theme to VanLehn's [31] book 
concerned the Mind Bugs that children acquire while 
learning subtraction. The most significant finding of our 
research is that our model can acquire these bugs while the 
child is solving the subtraction problem. Mind Bugs in a 
computer simulation model can be acquired in two 
different ways: 
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1. learn correct procedures and apply them to a test 
problem, or 

2. learn incorrect procedures from a buggy example 
problem. 

Sierra acquired the bugs by the first method. If 
there was not enough knowledge in the procedures for a 
problem to be solved, then Sierra artificially repaired the 
procedures so that the problem could be solved using the 
same buggy procedures that children used. Our model 
tested this method with its Interpreter and found that 
impasses occurred in the same position as they do when 
children solve a similar problem. 

We also found that our Learner can induce buggy 
procedures from a buggy example problem. This is 
significant because it means that our model could be 
modified to become a Student Model in an ITS. The buggy 
procedures can be learned while the student is in the midst 
of solving a problem. Our model is fast enough for the 
student to obtain an immediate explanation of the buggy 
procedures. 

· To give maximum benefit to the education 
system, an Intelligent Tutoring System (ITS) is required. 
The algorithms and the representation techniques from this 
model could be used as a basis for a Student Model--to 
represent the student's current state of knowledge in the 
ITS. The Student Model could learn the procedures that 
the student is applying by taking the actions the student 
makes and finding the conditions that apply to the 
problem. In this manner, the program could build its own 
library of student models for the arithmetic skills being 
taught. These Student Models would represent the 
student's current state of knowledge and can be used to 
explain errors to the student or the teacher. 

The significance of our work is in continuing and 
implementing some of the theories defined in the Sierra 
and Mind Bugs projects [31]. The results of this research 
demonstrate that this model confirms VanLehn's [31] 
Learning Theory and we extend his work on the MindBugs 
project by providing efficient and usable techniques for the 
acquisition of procedures. We have demonstrated that 
Cognitive Science is collaboration between Artificial 
Intelligence and Psychology, and that Software 
Engineering processes are important in the simulation of 
human behaviour. 

Future research in this area could use the 
techniques from this model to represent other arithmetic 
domains such as addition, multiplication and division. 
Consultation of educational experts is required to obtain a 
learning sequence similar to those applied in the education 
system. This learning sequence can be encoded in the same 
representation language employed in this model. The most 
important task (and perhaps the most difficult) in the 
encoding of the examples, is to represent each state so that 
only one action is performed. Another important task is to 
determine which conditions and actions apply to a specific 
domain. If these tasks are achieved, the learning algorithm 
should work without further adjustments. A more 
ambitious project would be a more interactive program, 
which asks the user which domain they wish to use and 
make that choice available. 
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